We describe a class of asymptotically AdS scalar field spacetimes, and calculate the associated conserved charges for three, four and five spacetime dimensions using the conformal and counter-term prescriptions. The energy associated with the solutions in each case is proportional to √ M 2 − k 2 , where M is a constant and k is a scalar charge. In five spacetime dimensions, the counter-term prescription gives an additional vacuum (Casimir) energy, which agrees with that found in the context of AdS/CFT correspondence. We find a surprising degeneracy: the energy of the "extremal" scalar field solution M = k equals the energy of pure AdS. This suggests that two distinct spacetimes correspond to the boundary Yang-Mills theory vacuum in AdS/CFT correspondence.
The non-linear coupling of gravity to matter in general relativity presents difficult technical problems in attempts to understand gravitational interactions of elementary particles and strings, as well as questions such as the details of gravitational collapse. Progress in the former area has come mainly from treating quantum fields as propagating on fixed background geometries [1] , whereas much of the progress in the latter has come from detailed numerical work [2] .
Exact solutions of the relevant matter-gravity equations can play an important role by shedding light on questions of interest in both general relativity and string theory. One is often interested in certain classes of solutions, with specified asymptotic properties, the most common of which are the asymptotically flat spacetimes. Recent work in string theory however has highlighted the importance of another class of spacetimes via the AdS/CFT conjecture [3] . These are the asymptotically anti-deSitter spacetimes (AAdS).
The AdS/CFT conjecture is a duality between string theory on AdS 5 ×S 5
and the large N limit of conformally invariant N = 4 SU(N) Yang-Mills (YM) theory on the boundary of AdS 5 . This conjecture proposes a direct correspondence between physical effects associated with fields propagating in AdS spacetime and those of a conformal quantum field theory on the boundary of AdS spacetime. Significant evidence for the conjecture has come from studying free scalar or other fields on a fixed AdS background [4] . Another important aspect of this conjecture is that it is UV/IR [5] : low energy gravity on AdS corresponds to high energy CFT. However, this does not preclude a fully non-linear exact AAdS solution being low energy, and therefore having a quantum boundary CFT picture. It is therefore important to probe the conjecture with exact AAdS solutions of the gravity-matter equations.
With this motivation we study the Einstein-scalar field system, with minimally coupled massless scalar field and negative cosmological constant. We present static spherically symmetric AAdS solutions of these equations. For spacetime dimension d = 3, the equations can be solved exactly. For d ≥ 4, the corresponding equations can be solved analytically for large radial distance, ie. asymptotically. We calculate conserved charges associated to these spacetimes using the conformal [6] and the counterterm [7] prescriptions. Finally we discuss some consequences of our results, in particular the surprising energy degeneracies associated with the solutions: The "extremal" limit of our solutions have the same energy as the corresponding global AdS d spacetime.
The equality of the vacuum energy of ADS (calculated via the counterterm method), and the Casimir energy of the boundary YM theory is considered to be a piece of the evidence for the AdS/CFT conjecture. However, our degeneracy result demonstrates that there is another spacetime with the same Yang-Mills Casimir energy. This raises an ambiguity concerning this dictionary entry of the AdS/CFT correspondence.
We note that the d = 3 matter-gravity model considered in this paper has been studied numerically in the full time dependent context with circular symmetry in Refs. [8, 9] , where critical behavior at the onset of black hole formation is observed. More recently the critical exponent for the apparent horizon radius found in [9] has been verified by an analytical perturbation theory calculation [10] .
We consider the massless scalar field minimally coupled to gravity in d spacetime dimensions. With the parametrization of the negative cosmological constant as
2 , the field equations are:
with
where we have suppressed factors of 8πG. With this, the above equation reduces to
In addition, we have the Klein-Gordon equation:
We assume the scalar field is time-independent and spherically symmetric. Consequently, we adopt the following general form of the metric.
where g(r), h(r) are arbitrary functions of the radial coordinate r and dΩ 2 d−2 is the round metric on S d−2 . The Einstein-scalar equations for this parametrization give a coupled system
where the prime ′ denotes the derivative with respect to r and k is an integration constant obtained by integrating the Klein-Gordon equation.
By a field redefinition g(r) := ψ(r)/r d−3 , the above set of equations imply the second order equation:
This basic equation determines the spacetime metrics of interest. We now proceed to solve this in various spacetime dimensions d. It is especially simple for d = 3 and we deal with it separately, followed by solutions for a generic
Note that the second term in parenthesis in (7) is a constant in this case , and ψ(r) = g(r). Thus, the differential equation in this case is [15] :
The complete solution is this case can be expressed as r = r(g) with
where A and B > 0 are integration constants, and C = √ 8k 2 + A 2 . Without loss of generality, we can set B = 1.
It is convenient to define the variables x = g + A/4, b = C/4, a = A/C, in terms of which Eq.(9) becomes
Using (6) gives
Thus the scalar field is real for a 2 ≤ 1. The metric may be written in the new radial coordinate x as
The Ricci scalar of the metric is
which shows that there are curvature singularities at x = ±b, corresponding to the origin r = 0. Also, it confirms that the spacetime is AAdS, since R(x → ∞) = −6/ℓ 2 . Since the solution contains no horizons when the scalar field is non-vanishing, the singularity at r = 0 is naked.
There are two special cases of this metric which are familiar, both of which correspond to vanishing scalar field, k = 0. The first is a 2 = 1 for which the metric reduces to
where the ∓ signs correspond to a = ±1 respectively. Thus a = 1 is the non-rotating BTZ black hole with mass 2b = C/2. The second is b = 0 and a arbitrary, which gives the zero mass BTZ black hole, rather than global AdS 3 spacetime. d ≥ 4: For spacetime dimensions greater than three, equation (7) cannot be solved analytically. However it is possible to obtain an asymptotic expansion of the solution for large r. For r ≫ ℓ (and fixed ℓ), (7) can be approximated as:
which has the exact solution ψ 0 (r) given implicitly by
As before the metric for large r may be written using the variables
For
where α is a constant. For d = 5 one finds α = 1 by substituting this expression into Eq. (7), a result which is useful for calculating conserved charges. For AAdS geometries, the calculation of conserved charges is complicated by the occurrence of divergent expressions. These occur essentially because the metric diverges as r 2 for large r. There exist two quite distinct procedures for obtaining "regularized" finite expressions for asymptotic conserved charges. These are the so-called "conformal" [6] and "counter-term" [7] methods.
A third and perhaps most obvious method for obtaining conserved charges is the standard Noether procedure applied to any diffeomorphism invariant theory [11, 12, 13] . However, this procedure applied to the standard Einstein action (with extrinsic curvature surface term) gives divergent expressions for the energies of our solutions, as it does for the Schwarzschild-AdS spacetime.
A related approach is that given by Brown and York [14] for calculating "quasi-local" quantities. In this procedure, also applicable to any generally covariant action, a stress-energy tensor associated with a finite boundary is derived, and is used to extract physical quantities associated with the quasilocal region. In the case of asymptotically flat spacetimes, the resulting quasi-local quantities go over to the corresponding ADM charges in the large r limits. However, as for the Noether procedure, this method also gives divergent charges for AAdS in the large r limit.
Thus neither the Noether nor the Brown-York procedures are useful for calculating conserved quantities for AAdS spacetimes, unless the actions are regulated in some manner, such as that advocated in [7] . In fact the Noether current and the Brown-York boundary stress-energy tensor, when regulated by counterterms which cancel the infinities in the classical action [7] , yield the same value for the total energy.
In the conformal method, a conformal transformation is performed on the spacetime under consideration, such that the asymptotic regions get mapped to a finite distance in a new manifold [6] . A boundary is then added to this conformally transformed (and unphysical) manifold. This is especially useful for AAdS spacetimes, because many of the canonical metric components diverge asymptotically and limits such as r → ∞ become rather tricky. On the other hand, the transformed manifold has a completely well-behaved structure.
The following assumptions are made regarding the physical d dimensional AAdS spacetime (M ,ĝ ab ) and the conformally transformed unphysical manifold (M, g ab ): The first condition describes a conformal transformation; the second ensures that the radial coordinate r can be replaced by a 'good' radial coordinate Ω. The third and fourth conditions guarantee well-behaved asymptotic limits for the matter fields and the Weyl tensor. It can be verified that the d-dimensional AAdS spacetime as well as the scalar field solutions under consideration satisfy the above conditions.
The procedure basically involves showing that the electric parts of the Weyl tensor satisfy, as a consequence of Einstein's equations, a conservation law at I in the conformally transformed spacetime. The end result is that the following equation holds on I
where D p is the intrinsic covariant derivative on I, compatible with the induced metric h ab := g ab −ℓ 2 n a n b (n a := ∇ a Ω), E ab is the electric part of the Weyl tensor at I defined as:
ab on I. The above conservation equations dictate the following form of conserved charge associated with the conformal killing vector field (KVF) ξ:
(Note that an ordinary KVF onM becomes the conformal KVF on M.) In the presence of matter fields, the above satisfies a covariant balance equation
where C 1 and C 2 are two cross-sections on I bounding the region ∆I). Equations (19) and (20) are the fundamental relations which we will use to define conserved quantities. Apart from volume factors, the electric part of the Weyl tensor is the relevant quantity to be calculated. We tabulate it here for the scalar field spacetimes under discussion. (Note that the Weyl tensor is identically zero in 3D, so that ǫ ab = 0.) The counter-term method proposes that the Einstein-Hilbert action
(where K is the trace of the extrinsic curvature of the timelike boundary and γ ab is the induced metric on this boundary), should be supplemented with additional boundary terms dependent on the instrinsic metric. Since the variational principle is defined with fixed boundary metric, this does not change the equations of motion. The proposed counterterms can be written as [7] :
The full action is S + S ct gives rise to an effective energy momentum tensor associated with the boundary:
The conserved charge associated with the symmetry generated by a vector field ξ is defined as follows:
where Σ is a spatial slice of ∂M, u a is the timelike unit normal at Σ, andσ ab := γ ab +u a u b . As mentioned earlier, the charges diverge without the introduction of S ct , and the latter is determined precisely by considering 'test' AAdS spacetimes (e.g.AdS-Schwarzschild) and requiring that the divergences in the action get cancelled. By nature of this construction, the number of terms in L ct increases with the dimension of spacetime. For d = 3, 4, 5, the following expression suffices to yield finite charges for commonly encountered AAdS spacetimes, including the scalar solutions:
Using (22) and (23), the resultant stress-energy tensor is:
where R ab and R are the Ricci tensor and Ricci scalar of the induced metric γ ab . The stress-energy tensor (T tt components) are tabulated below. The conserved charges for various dimensions are calculated using (19) in the conformal method (Q 1 ), and (24) in the counterterm method (Q 2 ). Inserting the volume factor and the timelike KVF for each dimension we obtain the following expressions (including the overall 8πG factors) Note that the conformal method does not apply for d = 3, as the Weyl tensor is identically zero. The following comments discuss additional aspects of the solutions:
• The two approaches for calculating conserved charges give positive energies for our scalar field solutions in spite of the fact that the solutions contain a naked singularity at the origin. This is unlike the negative mass Schwarzschild naked singularity, where the associated conserved charge is negative.
• Except in d = 5, the two approaches yield identical results. In d = 5, the counterterm prescription predicts an additional Casimir energy, which is identical to that found in the context of AdS/CFT correspondence, and is independent of the scalar charge k. This is unlike AAdS spacetimes with rotation, where the vacuum energy depends on the rotation parameter [6] . Our results can be generalized to spacetime dimensions greater than five; the Casimir energy appears for all odd dimensional spacetimes, i.e. d = 7, 9, ....
• In terms of the scalar field strength k, the conserved charges are proportional to
Note that the k = 0 case is the AdS-Schwarzschild solution with mass M = C/(d − 2). Thus, surprisingly the presence of the scalar field effectively reduces the energy of the gravitational solution.
• Finally, there is an unexpected and interesting result in the "extremal"
The conserved charge vanishes in the conformal method for all dimensions and is therefore equal to the energy of pure AdS in this method. The same holds for the counter-term method, except that the energies of the two solutions now equal the Casimir energy in five dimensions. This surprising degeneracy of energy associated with two distinct solutions on the gravity side raises an interesting question for the AdS/CFT conjecture: What effects on the CFT side distinguish pure AdS from this extremal scalar field solution? There is obviously no question that the spacetimes are distinct. However, as far as energies alone are concerned, it appears that the AAdS to CFT correspondence may not be one-to-one. In summary we have described solutions of general relativity with a cosmological constant coupled to a scalar field. In three spacetime dimensions, the solution is exact for all r, whereas for higher dimensions, the solution is an asymptotic one, for large r. The solutions have finite energy, although they do not possess an event horizon. The only non-zero charges are those associated with the timelike KVF. Furthermore, these charges contain information about the strength of the scalar field k. As we have discussed above, these results lead to interesting questions concerning the AdS/CFT conjecture. Among these are the issues of how a naked singularity on the gravity side translates to the field theory side, given that the associated energy is finite; and whether the energy degeneracy of the extremal solution and pure AdS suggests that the correspondence is not one-to-one.
